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Abstract. We develop a global Poincare residue formula to study 
l/^ I period integrals of families of complex manifolds. For any compact 

complex manifold X equipped with a linear system V* of generi- 
cally smooth CY hypersurfaces, the formula expresses period inte- 
grals in terms of a canonical global meromorphic top form on X. 
Two important ingredients of this construction are the notion of 
a CY principal bundle, and a classification of such rank one bun- 
I dies. We also generalize the construction to CY and general type 

^ . complete intersections. When X is an algebraic manifold having a 

sufhciently large automorphism group G and V* is a linear repre- 
sentation of G, we construct a holonomic D-module that governs 
the period integrals. The construction is based in part on the the- 
. ory of tautological systems we have developed in the paper [17], 

joint with R. Song. The approach allows us to explicitly describe 
a Picard-Fuchs type system for complete intersection varieties of 
' general types, as well as CY, in any Fano variety, and in a homo- 

. geneous space in particular. In addition, the approach provides a 

ly^ ' new perspective of old examples such as CY complete intersections 

. in a toric variety or partial flag variety. 
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1. Introduction 



Let Tc : y B he a family of n- dimensional CY manifolds. Recall 
that i?"'7r^,C is a flat vector bundle on B whose fiber is the middle 
cohomology H'^{Yh,C), where Yh = 7r^^(6). Thus, assuming that B 
is simply connected, fixing a base point bo E B gives us a canonical 
trivialization of this bundle with fixed fiber H^{YbQ,C). The bundle 
contains a subbundle H*°^ whose fiber at 6 G 5 is H^{Ky^)- Consider a 
nonzero local section uj of EI*°p over a small neighborhood U of Bq. The 
local Torelli theorem implies that the line Cu^ = H^{Ky^) C //"(Yb^, C) 
determines the isomorphism class of Yf,. One way to study the variation 
of this line is to consider the period integrals 



as functions defined on ?7, attempt to construct differential equations 
for them, and ultimately compute them. This presents two problems. 
First, the normalization of the functions 11.11 depends on the choice of 
local section a;, rendering any system of differential equations for 11.11 
dependent on such an arbitrary choice. Second, any description of such 
a system of differential equations is inherently local, depending on an 
arbitrary choice of U . As will be seen shortly, we can circumvent both of 
these problems by introducing a canonical global normalization for the 
period integrals, in the case when 3^ is a family of complete intersections 
in a fixed ambient manifold X. 

We begin with a summary of the main results and ideas. Let X be a 
compact connected d-dimensional complex manifold, and Li,..,Ls be 
line bundles on X such that 



(1.1) 




7 




V, := H\L,y ^ 
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and that the general section cXi G V* defines a nonsingular hypersurface 
= = 0} in X. We would hke to consider the family of all 
complete intersections 

which are smooth of codimension s < d in X. Put 

V ■=ViX ■■■xVs, B = V* -D 

where D consists of o" = (di, .., (Ts) G V* such that Y„ is not smooth of 
codimension s. Then B parameterizes a smooth family y of smooth 
complete intersections of codimension s in X. Given a E B, the ad- 
junction formula gives a canonical isomorphism 

(L + Kx)\Y^ = Ky^ 

where L := Li + ■ ■ ■ + Lg. Thus when L + Kx is trivial, 3^ is a family 
of CY manifolds, and when L + Kx is ample, is a family of general 
type manifolds. 

Wc shall assTimc that the Hodge number dimif°(i^y^) is a locally 
constant function on B (this is true when the fibers of y are Kahler), 
and consider bundle H*''^ whose fiber at cr G S is H^{Ky^). For a & B, 
let 

R,:H'>{L + Kx)^H'^{Ky^) 
be the restriction map. Clearly, for each r G H^{L + Kx), the map 

B e*°P, a ^ R^(r) 

defines a global section of EI*°^. So, wc get a linear map 

R : i/°(L + Kx) H%B, H*"^), t ^ {a ^ Ra(r)). 

In particular when L + Kx — Ox, then R(l) gives a canonical global 
trivialization of EI*"*'. 

Definition 1.1. (Period sheaves) We call the map R the global Poincare 
residue map of the family y. For each r G H^{L + Kx), wc define the 
period sheaf YI{t) of the family y to he the locally constant sheaf on B 
generated by the local sections 

I R(t), e Ha-s{Y.,Z) 

J y 

where Y, is some fixed fiber ofy. A local section of this sheaf is called 
a period integral. 
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The main goal of this paper is to give a new description of the map 
R, and use it to construct exphcitly a system of Picard-Fuchs type 
differential equations that govern the period integrals. The resulting 
system will turn out to be a certain generalization of a tautological 
system. The latter notion was introduced in [17] , where it was applied 
to the special case when X is a partial flag variety and L + Kx is 
trivial. In this special case, period integrals were defined in an ad hoc 
fashion, by choosing a particular meromorphic form to write down a 
Poincare residue. The resulting system of differential equations was 
shown to be holonomic, and was amenable to fairly simple description. 
However, the construction was clearly specific to that example and to 
the case of CY complete intersections, and it gives R only up to an 
overall normalization by an undetermined holomorphic function on the 
base B. In this paper, we give a new construction of R that removes 
the normalization ambiguity entirely, and at the same time, generalizes 
to an arbitrary manifold X and to a general family 3^, not necessarily 
CY. 

The first problem is to describe the map induced on global sections 
by the Poincare residue map PR : Q,x(Y) — )■ fiy"**, in a way that is 
compatible with the variation of Y. The map PR is a sheaf homo- 
morphism, whose only known description (except in isolated cases), 
unfortunately, relies on local coordinates. The variation of F in a 
family also makes matter worse. Since period integrals are inherently 
global objects on Y (and global also on the parameter space if we lift 
to its universal cover), it is difficult to work with the local description 
of PR for the purpose of constructing and describing their differential 
equations, let alone computing the period integrals. A key insight in 
our approach is that the map R can be realized as a family version of 
the PR, but in terms of an explicit globally defined meromorphic form 
on the ambient space X. This realization is carried out by lifting the 
construction of period integrals to a certain principal bundle over X. 

One of the main benefits of this approach is that sections of line 
bundles can then be represented as globally defined functions, afford- 
ing a description of the Poincare residue map in purely global terms 
(Theorem 16.61 ) Quite remarkably, the result is in fact independent of 
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the choice of principal bundle (Theorem 17.21 ) So, every choice gives a 
potentially new way to express the same period integrals. More impor- 
tantly, one can show that such a principal bundle exists for any complex 
manifold X, and that there is always a canonical choice (Theorem l6.3l ) 
This part uses an old idea of E. Calabi. In specific examples, the global 
realization of R often allows us to compute power series expressions for 
period integrals. As it is well-known, the latter are central to mirror 
symmetry. 

Finally, our realization of R allows us to show that the period inte- 
grals are governed by a tautological system (Theorem 18. Sp . or a certain 
enhanced version of it (Theorem 18.91 ) In the projective case, we apply 
our results to toric manifolds and homogeneous spaces, as special ex- 
amples, and show that the period sheaves are governed by holonomic 
tautological systems. Even in the general setting, these systems are 
still amenable to fairly explicit and simple descriptions. For example, 
in the case of X a general homogeneous manifold, we give two differ- 
ent descriptions (Theorems 19.11 19. 6p by using the Borel-Weil theorem 
and a theorem of Kostant and Lichtenstein, and we enumerate a set 
of generators for the tautological system. For X a toric manifold, our 
tautological systems turn out to be examples of GKZ hypergeometric 
systems and their extended versions (Example 18.121 ) Explicit power 
series solutions to these systems are also known. 

As part of the toolkit in our approach, we also develop a general form 
of the Euler sequence for TX, and a principal bundle version of the 
adjunction formula for Kx (Theorem 12.91 ) More generally, a principal 
if-bundle H — M ^ X enables us to describe vector bundles on X, and 
their sections in fairly simple functional terms. For example, certain 
bundles are described by representations of H; sections of those bundles 
can be realized as global holomorphic functions on M. Moreover, these 
descriptions are all equivariant with respect to any given automorphism 
of X, whenever the if-bundle M itself is equivariant. In special cases 
such as homogeneous spaces, some of these constructions are known in 
representation theory. 

Another important application of our general Euler sequence is to the 
study of CY structures. Consider a principal if-bundle H — M ^ X . 
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A nowhere vanishing form ujm ^ H^{Km) is called a CY structure 
of M if <Cujm is a representation of H. We derive an obstruction for 
the existence of such a structure (Theorem 13.31) . and prove that a CY 
structure is essentially unique, if exists (Theorem 13.121 ) We then use 
these results to classify all CY structures for the rank 1 bundles. These 
results will be crucial to proving the global Poincare residue formulas 
for period integrals (Theorems 16. 6[ 17. 2p 

Acknowledgements. B.H.L. is partially supported by NSF FRG 
grant DMS-0854965, and S.T.Y. by NSF FRG grant DMS-0804454. 

2. Adjunction formula for principal bundles 

Throughout this section, let G and H be complex Lie groups, and 
M a complex manifold, not necessarily compact, on which the group 

K ■=G^H 

acts holomorphically. We denote the actions by 

G X M — )■ M, {g,m) gm 
H X M ^ M, {h,m) ^ mh~\ 

We assume that the if-action on M is free and proper, so that the 
quotient M/H is a complex G-manifold: 

G X M/H M/H, {g, [m]) ^ [gm]. 

We have the projection map 

TT : M M/H, m t-^ [m]. 

Tools developed in this section will be applied in the case when G is 
a Lie subgroup of Aut X, and M is a G-equi variant principal if-bundle 
over X. Thus, we may as well assume that the G-action on X, and on 
M, is effective. 

Let VectG(X) be the category of holomorphic G-equivariant vec- 
tor bundles on X, and Vectx(M) the category of holomorphic K- 
equivariant vector bundles on M. We have the following pullback and 
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quotient functors: 

TT* : VectciX) -> VectK{M) 
/H : Vectx(M) ^ VectciX) 

where 

{n*E)m = (m,^^) cMxE 

for m e M. Here G VcctG(X) and F e VectK(M). It is straight- 
forward to show that both functors are equivalences of categories, and 
that we have natural isomorphisms 

{7T*E)/H ^ E 
n*{F/H) ^ F. 

Specializing to line bundles, letting PicxiM) denote the X-equivariant 
Picard group of M, i.e. the group of isomorphism classes of X-equivariant 
line bundles on M, we get a canonical isomorphism 

(2.1) PicK{M) ^ PicaiX). 

We will make use of primarily vector bundles on M that are trivial, 
but not necessarily /T-equivariantly. The two functors above will allow 
us to interpolate between representation theory of H and G-equivariant 
vector bundles on X. 

The G- action on M induces homomorphisms 

G Aut TM, dg 
G Aut T*M, g ^ Sg'^. 

Here 5g~^ : T*Mm — )■ T*Mgm is the inverse transpose of the differential 
dg : TM„,, — > TMgm- Likewise, the i/-action on M induces similar 
homomorphisms. Note that because we let H act on the right on M, 
we have dh : TM^ TM^h-^ and Sh'^ : T*M^ T*Mmh-^. 

Let £■ — > M be a G-equivariant vector bundle. Then there is an 
induced homomorphism 

r : G^ Aut i/°(F), g^Tg 
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given by 

Tga = goa o g~^. 
The same is true for a i^-equivariant bundle. For example, we have 

{Tg<T)m = dg{ag-im) e TMm 
(r^cr)^ = dh(amh) e TM^ 

ior geG,heH,meM,ae H%TM). 

Let p : H ^ Aut F be a finite dimensional holomorphic represen- 
tation of H. Then H acts on the product M xV freely and properly, 
and the quotient 

Ep:= M XhV = {M X V)/H 

is a G-equivariant holomorphic vector bundle of rank dim V over M/H. 
The G action on Ep is defined by 

GxEp^ Ep, {g, [m, v]) ^ [gm, v]. 

Note that ['mh~^,p{h)v] = [m,v] for h G H. A holomorphic function 

a' -.M 

is said to be p-equivariant if 

a'{mh-^) = p{h)a'{m) {h e H, me M.) 
We denote the space of such functions by 0{M)p. 

The following is an abstraction of a well-known fact about holomor- 
phic sections of G-equivariant vector bundles on homogeneous spaces. 

Proposition 2.1. Let p : H ^ Aut V be a finite dimensional holomor- 
phic representation of H , and a' : M —f V a p-equivariant function. 
Then a{m) := [m, cr'(m)] (m e M) defines a holomorphic section of 
Ep. This gives a G-equivariant linear isomorphism 

0{M)p H'^{X, Ep), a' ^ a. 

We denote the inverse map by a ^ a' — um- 
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Proof. That a is a holomorphic section of Ep is clear. To see that 
(t' i-> (7 above is an isomorphism, we construct the inverse map. Given 
a section a e H^{Ep), consider the image a{M/H) C Ep. Its pre- image 
pr~^(j(M/if) under the projection pr : Af x K — > i?^ is the graph of a 
holomorphic function a' : M . It is easy to check that 

(T(m) = [m, (j'(m)] 

and that a' is p-equivariant. The correspondence cr i-> cr' is the inverse 
map we sought. 

Finally, the induced linear G-actions on functions a' and sections a 
are given by 

T,a' = {g-^ya' = a'og-^ 
Vga = goaog ^ {g eG.) 

It is then easy to check that Tga' h- )■ Tga under the isomorphism above. 

□ 

The proposition shows in particular that to get interesting line bun- 
dle of the form Ep — M Xh C with sections, M must be noncompact. 

Corollary 2.2. If p : H ^ GLi is onto and H^{Ep) ^ 0, then M is 
noncompact. 

Proof. By the proposition, we have a nonzero holomorphic function 
a' e 0{M)p which is p-equivariant, hence can't be locally constant. 
So, M is not compact. □ 

The isomorphism in the proposition can be interpreted in terms of 
the puUback functor as follows. 

Proposition 2.3. For E e VectdX), 

n* : H°(X, E) H^(M, 7r*E), a ^ idM x a o n 

is an injective G-equivariant linear map. In particular, for a given 
representation p : H ^ Aut V of H and for Ep — M Xh V , the linear 
map TT* coincides with the map 

H%X, Ep) 0{M)p C //°(M, MxV), a ^ a' 

(under the identification Tr*Ep = M x V.) 
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Proof. The injectivity of vr* follows immediately from the surjectivity 
ofir: M ^ X. For a G H°{X, Ep), since we view ttV G H^{M, M x 1/) 
as a holomorphic function a' : M V , our second assertion amounts 
to checking the identity 

cr([m]) = [m,cr'(m)] (m G M) 

which is straightforward. □ 

In the rest of the paper, we shall often identify a section in H^{X, E) 
with the holomorphic function that represents it without explicitly say- 
ing so. 

Let X ^ Hom(if, C^). We shall refer to x cis an if-character. An 
if-character can also be regarded as character of the abelian group 
H/[H,H], and vice versa. Given an iJ-character x, let denote the 
corresponding one-dimensional representation C of H. We can treat 
M X as a i^'-equivariant line bundle. So, we have a map 

Hom(i7,C^) ^ Pick{M), x ^ [M x C^]. 

For X G Hom(if, C), put 

Then is G-equivariant via the action 

g[m, 1] = [gm, 1]. 
Composing with the isomorphism in eqn. 12. ![ we get 

Proposition 2.4. We have a group homomorphism 

Hom{H,C'') -> P%cg{M/H), x ^ [^xl- 

In general, this map can be trivial even when H ^ 1. In one opposite 
extreme, we have 

Proposition 2.5. [20] Let G be a complex Lie group and H a closed 
subgroup. Then we have an isomorphism 

Hom{HX'^) Picg{G/H), x ^ [L^]- 
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Proof. Given a G-equivariant line bundle L over G/H, H stabilizes the 
fiber at the coset H. This determines a unique if-character x by 
which H acts on Lh- Fix a nonzero vector vq G Lh. Then the map 

GxC^ L, {g,l)^ gvo 

descends to a G-equivariant isomorphism = L. Suppose we have 
a G-equivariant isomorphism to the trivial bundle: Ly. — )■ G/H x C. 
Then the fiber of at the coset H is isomorphic, as a representation 
of H, to the trivial representation H x C It follows that x is the 
trivial character. This shows that Hom(if, C^) PicciM/H) is an 
isomorphism. □ 



It is important to be able to compare directly sections of a line bundle 
on X that is realized using two different, but compatible principal 
bundles over X. Suppose we have the two principal bundles related as 
follows: 

H2 - M2 ^ X 

pi ^4- II 

Hi - Ml ^ X 
where p : H2 ^ Hi is a. group homomorphism such that for m2 G M2, 

h2 e H2, 

Now let Xi be an i^i-character and put X2 = Xi ° P- Then, clearly 
there is a unique isomorphism of line bundles vf : — )■ L-^^ , such that 
[ma, 1] ^ [vr(m2), 1]. 

Proposition 2.6. Let H^ - Mi X , p : H2 Hi, tt : M2 Mi, 

be the data as stated in the preceding paragraph. Let ipi : 0{Mi)y^ — t- 
H^{L^.), i = 1,2, be the canonical function- section isomorphisms given 
by Proposition \2. 1\ Then 

where tt : H^lL^,^) — )■ cr 1— t- vr o a. 

Proof. Let cti G (9(Mi)^j. By Proposition 12.11 ipiai is characterized by 
the identity 

(V9iai)([mi]) = [mi,cri(mi)] (mi G Mi) 
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and likewise for ip2. We will show that 

First we need to check that 7r*(Ti e C(M)^2- This follows from 
(7rVi)(m2/i2 ^) = cri(7r(m2)p(/i2)~^) = Xi(p(/i2))(7i (77(7712)). 

Next, since 

((y52 o 7r*)cri = (^2(cri o tt) e H^iL^^) 

it follows that 

(/?2(cri o7r)([m2]) = [m2, (7i(7r(m2))]. 
Applying tt to both sides, we get 

(tt o o 7rVi)([m2]) = 7r[m2, ai(7r(m2))] = [7r(m2), (Ti(7r(m2))]. 

The right side agrees with ((^i(7i)([7r(m2)]) = ((^i(7i)([m2]), as desired. 

□ 

Given a principal bundle H — M^X, and a line bundle of the form 
where x is an i7-character, we will need to be able to compare global 
X-equivariant functions (sections of L^) with the local representations 
of sections. We write 

M\U = 7r-\U). 

Proposition 2.7. Fix an open set U <Z X. Then local trivializations 
a : L-^\U = M\U XfjC^ — )■ C/ x C of are in 1-1 correspondence with 
holomorphic functions : M|C/ ^ having the property 

(2.2) iiaimh-^) = /x«(m)x(/i)-' {h e H) 
and under this correspondence a and ii^ o,re related by 

(2.3) a[m,l] = {[m],fia{m)) {meM\U). 

Moreover, given such a local trivialization a, if ip E H^{L^) and iJjm G 
0{M)^ is the x-equivariant function representing ip, then 

Mm) = V'"(h])//a(m)-i (m e M\U) 

where ip\U — V'^Cq, and is the local frame of coresponding to a. 
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The proof is straightforward and is left to the reader. 

Next, we shall analyze the canonical bundle of X = M/H. As we 
shall see later, this bundle can be completely described in terms of 
certain iZ-characters (cf. Proposition 12.51 ) Taking a quotient is in 
some sense the dual of taking a submanifold. Thus, the idea is to 
find a dual version of the following adjunction formula, for principal 
bundles. 

Proposition 2.8. (Adjunction formula for submanifolds) If Y is a 
complex G -submanifold of M, then we have an G-equivariant isomor- 
phism 

Ky = Km\Y ^ AmY/M 
where Ny/m is the normal bundle ofY in M, and q = dim M — dim y. 

Theorem 2.9. Put X = M/H. 

• (Generalized Euler sequence) There is a G-equivariant exact se- 
quence of vector bundles on X: 

M xni}^ {TM)/H TX. 

• (Adjunction formula for quotients) There is a canonical G- 
equivariant isomorphism 

Kx = Km/H®L^,. 

where x\) is the H -character of the one- dimensional representa- 
tion A"^!) induced by the adjoint representation of H. 

• (Canonical bundle) If M admits a nowhere vanishing holomor- 
phic top form ujm, o-nd an H- character xm such that T^um = 
XM{h)ujM, (h E H) then there is a canonical G-equivariant iso- 
morphism 

Kx = -^XAfXi, • 

Proof. Consider the G x if-equivariant exact sequence on M: 

DH ^ TM n*TX 

where DH C TM is the holomorphic distribution generated by the 
free action of H on M. Note that H acts freely and properly on all 
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three bundles, and that we have a canonical G-equivariant isomorphism 
{t^*TX)/H = TX. So to prove our first assertion, it remains to show- 
that DH = M X f), G X if-equivariantly. 

The free H action on M induces the Lie algebra isomorphism 

^ : f) ^ H^{DH), x^i^, (C^)™ := j^\t=om exp{tx) 

which is iJ-equivariant. Here H acts on t) by the adjoint represen- 
tation, and on H'^^DH) by the induced action on sections of the H- 
equivariant bundle DH. Since the G- and the if-actions on M com- 
mute, G acts trivially on H^(DH). So, by letting G act trivially on f), 
^ is G-equivariant. The fiber DHm of DH at m is 

DH^ = {{Qm\x e f)}. 

Thus 

z/ : M X f) DH, (m, x) ^ {Q^ 

defines a G x if-equivariant isomorphism. (Note that M x [) is not 
i?-equivariantly trivial unless H is abelian or dimH — 0.) 

Now by linear algebra, the dual of the generahzed Euler sequence 
yields a G-equivariant isomorphism 

(A^T*M)/H ^ A'^T*X (8) (M Xh A^l)*) = i^x L-i 

where t — dim M, d — t — q. Tensoring both sides with L^^ , we get 

Kx = Km/H®L^^. 



For the last assertion, it remains to show that 
(2.4) Km/H^L^^. 

Put ui — lum, X — Xm- By assumption, Co; is a one dimensional 
representation of H. Define 

II : M X Cuj — >■ Km, {tti, uj) >->■ ou^. 

(Note: Since ou is nowhere vanishing, this gives a canonical non-equivariant 
global trivialization of Km-) We now check G- and if-equivariance sep- 
arately. For h e H, m e M, 

h{m,uj) = {mh~^,x{h)i^)^x{h)i^mh-^- 
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On the other hand, we have the if-action T : H ^ Aut H^{Km) such 
that 

The left side is x{h)uJm- It follows that 

Sh'^n{m, 1) = Sh'^Um = iThUj)mh-^ = x{h)(^mh~^ = 1)). 

This shows that fi is also iY-equivariant. Similarly, it is G-equivariant. 
This gives a canonical G-equivariant isomorphism 

(M X Cuj)/H = Km/H. 

Since the left side is L^, this yields eqn J2.4[ □ 

When X is a toric variety, the generalized Euler sequence were found 
in [3] [13] by methods different from that used above. 

Definition 2.10. We denote by H — M X a G-equivariant principal 
H-hundle over X . We call a nowhere vanishing form u G H^{Km), a 
CY structure of M , if is a one dimensional representation of H , 
i.e. there is an H -character x such that 

(2.5) ThUJ = x{h)co {h e H.) 

In this case, we also call the pair (w, x) ^ CY structure of the H-hundle 
M. 

3. Existence and uniqueness of CY structures 

As our second application of the generalized Euler sequence. The- 
orem [23], we answer the existence-uniqueness questions on CY struc- 
tures. We will show that the associated bundle of Kx is a CY bundle 
and that it is a universal one, in some sense. Throughout this section, 
all line bundles and principal H-bundles H — M X are assumed 
G-equivariant where G is a given subgroup (possibly trivial) of Aut X. 

Definition 3.1. Civen a line bundle L over a complex manifold X, let 

denote the complement of the zero section in L. Equivalently, 
is the associated principal bundle of L. Denote the -character 
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Lemma 3.2. For any line bundle L on X , we have a canonical iso- 
morphism 

L = '^xi ■ 

Therefore, a line bundle L' is of the form for some -character x 
iff L' is a power of L. 

Proof. Define 

p : X C — 7- L, (m, a) i— )■ am. 

Let h E H := acts by h{m,l) := {mh~^,h) as usual. Then p : 
{mh~^,ha) am for h G C^. It follows that p descends to 
C^^ —7- L. It is clear that this is an isomorphism. 

If L' = IL, then the isomorphism implies that L' = L^i^. Conversely, 
if L' = with X ^ Hom{C^ ,C^) = {xi), then x = Xi so 
L' = IL. □ 

Theorem 3.3. (Obstruction to CY structure) Let H — M-AX be a 
principal bundle. Then M admits a CY structure iff there exists an 
H-character x such that 

Kx = MxhC^. 

In particular, if L is line bundle on X, then admits a CY structure 
iff Kx is a power of L. 



Proof. By Theorem 12. 9[ we have 

KmIH = Kx<^L-1. 
If M has a CY structure (cumjXm), then the left side is L^j^^, and so 
Kx — -f'XMXf, ■ 

Conversely, suppose Kx = Ly^ for some iJ-character x- Then by the 
isomorphism 

PicniM) ^ Pic{X), F ^ F/H, 7v*E ^ E, 

it follows that we have an if-equivariant isomorphism Km = M x 
C^j^j- where xm '■= XXt,'^: which implies that Km is trivial (but not 
necessarily if-equivariantly.) Moreover, the section M — )■ M x C^j^j, 
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m (m, 1), corresponds to a nowhere vanishing form um ^ H^{Km) 
which transforms by 

TftCUM = XM{h)ujM 
under H. So M admits a CY structure. 

Now speciahze to the case M = , H = . Then M admits a CY 
structure iff there exists x ^ Hom{H, C^), i.e. x = Xi for some / G Z, 
such that 

Kx = MxhC^. 

Then by the preceding lemma, the right side is IL, as desired. □ 

We now give a number of apphcations of the theorem. 
Corollary 3.4. (Calabi) has a CY structure {uj,xi)- 

Proof. This is the special case L = Kx of the theorem. □ 

Example 3.5. Projective space. 

Let X = P^. By Theorem 13. 3[ the principal C^-bundle 0{k)^ on X 
admits a CY structure iff k divides d + 1. 

Example 3.6. A projective hypersurface as ambient space. 

Let X be a degree n smooth hypersurface of P*^"^^, d > 1. Consider 
L = 0{k) on X. Then it follows immediately from Theorem 13.31 (and 
Lefschetz hyperplane) that admits a CY structure iff k divides 
n-d-2. 

Lemma 3.7. Let H — M ^ X be a principal bundle with H = C^. 
Then there exists a unique line bundle L on X such that M = , 
H-equivariantly. 



Proof. Set 

L = M XhC^,. 

Then it is straightforward to show that M = L"" = M Xh The 
uniqueness part follows from Lemma 13. 2[ □ 
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Corollary 3.8. (Classification of rank 1 CY bundles) Put H = . 
A principal bundle H — M X admits a CY structure iff' M is H- 
equivariantly isomorphic to for some line bundle L such that Kx 
is a power of L. 



Proof. This follows from the preceding lemma and Theorem 13.31 □ 



We now prove the uniqueness of CY structures. From this, we also 
deduce that such a structure is automatically invariant under Aut X. 
We begin with some preparations. 

Lemma 3.9. (Uniqueness lemma) Let (w, x) and {uj',x') t'^'^ CY 
structures on a given principal bundle H — M ^ X . Ifx = x' then u is 
a scalar multiple ofu'. In particular, if the natural map Hom{H, C^) — 
Pic{X) is injective (cf. Proposition \2.4\ ) then up to scalar, there is at 
most one CY structure on M . 



Proof. We have a (unique) function / G H^{0^j) such that 

u' = fu. 

For h & H, we have ThU = x{h)uj and Thoo' = x'{h)uj'. This implies 
that 

r./ = x'\h)x'ih)f. 

By Proposition 12.11 / represents a nowhere vanishing global section 
of the line bundle L^^,~i on X. Thus if x = x'; then / defines a 
holomorphic function on X, hence must be constant, proving the first 
assertion. 



Now suppose Hom(iJ, C^) — )■ Pic{X) is injective. Then x = x' by 
Theorem 12.91 hence u' is a scalar multiple of u in this CclSG clS well. □ 

Lemma 3.10. Let {uj,x) be a CY structure on H — M X , d( be 

the standard coordinate 1-form on C^^i,' ^'^^ a;i,..,a;g (q = dimH) be 
independent vector fields generated by H on M x C^^t, ■ Then the form 

is H -basic, hence defines a nowhere vanishing top form on 
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Proof. The form is obviously if-horizontal, and nowhere vanishing, 
since the vector fields Xi are everywhere independent. We want to 
check that it is if-invariant. First note that ThU = x{h)^ and T^dC, = 
x{hy^Xi){hy^d(. It follows that Th{u; A d() = A dQ. Since 

^ ht-Xl ' ' ' t-Xq^ h ~ ^hl-Xl^h '"'^ht-Xq^h 

= I^Ad{h)xi ■ ■ ■ l^Ad{h)xq 

= Xt,ih)Lxx---Lxq 

it follows that Cl is if- invariant. □ 

Corollary 3.11. The Q above, as a form on Kx, is a scalar multiple 
of a CY structure Co of Kx ■ 



Proof. It suffices to show that the statement holds in K^. By the 
preceding lemma, f2 is a nowhere vanishing top form on K^. Consider 
the action by the usual fiberwise scaling on Kx ■ Lifted to M x C^^^ , 
it is just the usual scaling on C^^^^^. Hence d( transforms by the C^- 
character Xi- It follows that Q transforms by the character Xi as well. 
Thus {Cl, xi) is a CY structure on the bundle K^. But (a), Xi) is also a 
CY structure on the same bundle, by Corollary 13.41 By the Uniqueness 
Lemma, Cl must be a scalar multiple of u. □ 

Theorem 3.12. (Uniqueness of CY structure) If a bundle H—M X 
admits a CY structure, it is unique up to scalar multiple, and is G- 
invariant. 



Proof. Let uji, 002 be two CY structures on M. By the preceding corol- 
lary again, we can normalize them by a constant so that 

(3. 1) ixi ■ ■ ■ Lxq (C^l A d() = • ■ ■ txq (^2 A d() 

viewed as forms on M x C Since ^ is a global vector field on M x C 

(with no component on the M side), we can apply La_ to eqn. 13. II and 

sc 

get 

(3.2) i-Xl ■ ■ ■ l-Xq^l = ''XI ■ ■ ■ t-Xq^2- 
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■WT component of each vector field 



Xi, we can now regard the Xi as the vector fields generated by the in- 
action on M alone, and eqn J3.2l is now an identity on M. Finally, since 
the Xi are everywhere independent vector fields on M. 13.21 implies that 

Ui = UJ2. 

Let be a CY structure of M, and g E G C. Aut X. Then g is as- 
sumed to lift to M and the lift commutes with the if-action. Therefore 
VgU G H^{Km) is also a CY structure. By the uniqueness property we 
have just proved, it must be a scalar multiple of cj, i.e. 



for some scalar c. But by the preceding corollary, we can fix a normal- 
ization of u (independent of g) so that 



Thus applying Tg to both sides, we find that TgCj = cCj. Finally, by 
Theorem 16.31 (to be proved later, independently of this section), Gj is 



We now show that the CY bundle — — )■ X is the universal 
one, in some sense. 

Proposition 3.13. (Universal property) Let H — M-^X be any H- 
bundle with a CY structure {u, x)- Then the projection map ttm factors 
through a canonical H-equivariant map M — )■ K^, where H acts on 
fiberwise by the character x- 

Proof. The given CY structure determines a canonical isomorphism 
Kx = M Xh ^xxti^ by Theorem 12.91 So, we may as well identify these 
two sides. Define M — )■ K^, m i— )■ [m, 1] G Kx- For h E H, we have 

mh^^ I— 7- [mh~^,V\ = [m,x{hl)^'^] = [^,Mx{h)^'^ ■ 

This shows that our map is if-equivariant. Composing it with the 
projection X = M/H, [m, 1] h^- [m], clearly yields ttm : M — )■ 



TgU = cu 



Aut X- invariant. So c = 1. This completes the proof. 



□ 



X. 



□ 
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4. POINCARE RESIDUES FOR PRINCIPAL BUNDLES 

In this section, we continue to use the notations introduced earher. 
We fix a CY bundle H — M ^ X , an if-character x, and put L = 
(cf. Proposition 12. 4[ ) Let cr g H^{L) be any nonzero section. We now 
give an exphcit construction of global meromorphic rf-form {d = dim X) 
with pole given by the divisor cr = (possibly singular) in X. From 
now on, given x G f), we shall write the interior multiplication operator 
L^^ (acting on differential forms on M) simply as l^- Fix a nonzero 
element 

Xi A ■ ■ ■ AXq e A'^f) (g = dim H.) 

Put 

:= —neH\KM\{M-{aM = 0})), 

where aM : M — > C is the x-equivariant function representing cr. (Cf. 
Proposition 12.11 ) 

Theorem 4.1. (Poincare residue) For a G H^{L) —0 and r G H^{L-\- 
Kx), is a nowhere vanishing meromorphic d-form on M—{crM = 0} 
with pole along a^j = such that 

Moreover tm^ct is H -basic, i.e. 

Therefore, tm^o- defines a meromorphic d-form on X — {a = 0} with 
pole given by the divisor cr = 0. 

Proof. Since are pointwise independent vector fields on M, 

and Um is a nowhere vanishing holomorphic top form on M, it follows 
that VL above is a nowhere vanishing form of degree d = dimM — q. 
Since the vector fields C,Xi are G-invariant (because the G- and the 
if-actions on M commute), it follows that TgQ = Q. Since L is a 
G-equivariant bundle, there is an induced linear action on H^[L). By 
Proposition 12.11 our first assertion follows. 
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Next, we show the i7-basic property. By construction of fi, it is clear 
that = for all x G P). Since Lx is a derivation acting trivially on 
functions, It follows Lx^TM^a) = for all X G f). To see that tm^o- is 
if- invariant, let h E H. First note that 

= t^Ad{h)xx ■ ■ ■ t^Ad{h)xqXM{h)uJ M 
= X^{.h:)XM{,h:)Lx^- ■ ■ Lx^UJm 

= Xt)ih)xMih)n. 

On the other hand, by Theorem 12. 9[ we have r G H^{L + Kx) = 
^"(^xxMxJ. hence 

TMimh'^) = x{.h)xM{.h)x^{h)TM{m). 

It follows that 

i^h ){m) = — — = XM{h) Xt){h) 



om (TAiimh) (TAiim) 

This implies that Tfi{TM^a) = ^M^a- 

The last assertion of the theorem follows from the if-basic property 

of TM^a- □ 

Remark 4.2. One important way in which the preceding theorem will 
be applied is when r G H^{L + Kx) transforms under a group G C 
Aut X by a given G -character, in which case G "moves" the form tm^u 
essentially by varying only its pole, according to the theorem. 



5. Examples: old and new 



This section is intended to offer some new perspectives on a number 
of known constructions of Poincare residues and period integrals. By 
interpreting them in the context of the earlier sections, we can now 
unify all of them on more or less equal footing. 

Example 5.1. M = C^+i - 0, if = C^ G = SLa+i, K = G x H, 
X = M/H = 
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We will regard M as a set of column vectors so that G acts on the left 
as usual, and H acts on the right by scaling h : M ^ M, m i— )► mh~^. 
From this we have dh{^^) = h~^^^ and 5h'^{dmi) = hdrrii. Let 
Um = diTLQ A ■ ■ ■ A dirifi., which is clearly G-invariant, and 

So, the if-character for Cum is XM{h) = h'^'^^. The vector field gener- 
ated by on M is X = — ^ nii-^, and so 

Vt = Lx<^M = — '^^{—^yTTT'idmQ A ■ ■ ■ dnii ■ ■ ■ A dnid- 

The if-character for t) is trivial since H is abelian. By Theorem 12.91 it 
follows that 

Note that the coordinate functions on M represents the sections of 
of X. Since 

it follows that the if-character for the line bundle 0{1) is x{h) = h~^, 
hence xm = x '^^^ and Kx = 0{—d — 1), as expected. 

Example 5.2. Partial (Type A) flag variety F{di, ...,dr,n) revisited. 
Put 

M = Md,.+,,d, X ■ ■ ■ X Md^^d, {n := dr+i > ■ ■ ■ > di > do := 0) 
H = GLd, X ■ ■ ■ X GLdi 
G = S Lfi 

X = M/H = F{di,..,dr,n). 

Here Ma^b is the space of a x 6 matrices of full rank. Here G and H act 
on M by 

G X M — )■ M, {g, rur, .., mi) = {grrir, .., mi) 

H X M ^ M, {hr, ■■,hi, rUr, .., mi) i— )■ {mrh~^, hrmr-ih~\, .., h2mihi^). 

Put Mi = Mdij^^^di and let Ui be the coordinate top form on Mj (with 
respective to some chosen order, say, the lexicographic order, on the 
coordinates of Mj). Put 

(jJM = ijJr a ■ ■ ■ a Ui. 

Then um is clearly G-invariant. For h = {hr, .., hi) G H, we have 

T/i^M = XmWum 



24 Bong H. Lian and Shing-Tung Yau 

where XM{h) := UUi^^^^dXhiY'^^''^"' ■ Here det^ : GLd is the 

determinant function. Since the Lie algebra of GLd is s[rf©C, it follows 
that A'^t) {q = dimiJ) is a trivial representation of H, i.e. xij = 1 iii 
this case. By Theorem 12. 9[ it follows that 

Proposition 5.3. (Cf. Proposition \2.5\) For the principal H -bundle 
H — M X given in the preceding example, the map 

Hom{H,Cn^P^CG{X), x^[L^] 

is isomorphism. 



Proof. The group G = SLn is simple, connected, simply-connected, and 
X is compact and G-homogeneous. It follows the group PicciX) = 
Pic{X) is free abelian generated by the G-equivariant line bundles cor- 
responding to some fundamental weights of G |1]|20]. They are given 
by the highest weights A^. of the representations A*C", 1 < i < r. 
In fact, the line bundle corresponding to A^. is precisely the pullback 
of the hyperplane bundle Oi{l) on the Grassmannian G{di,n), under 
the canonical projection X G{di,n). In turn, is the pull- 

back of the universal hyperplane bundle, under the Pliicker embedding 
G{di,n) ^ P(A"''C"). We shall henceforth identify PicaiX) with the 
lattice generated by the A^.. On the other hand, the character group 
Hom(iJ, C^) is free abelian generated by the characters Xi '■= det^.^ 
(viewed as functions on H.) So, to complete the proof, it suffices to 
show that the line bundle L^. is isomorphic to the pullback of Oi{l). 

The projection X — )■ G{di, n) can be realized as the 

M/H Mn,dJGLd^, [rur, ...,mi] ^ [m^ ■ ■■rrii]. 

Fix an index set J = (1 < ji < • ■ ■ < j^^ < n) and let mj to be the 
di X di minor of m G M„^rf. consisting of the rows indexed by J, and 
consider the Pliicker coordinate for G{di, n) 

a J : Mn4, C, m det (mj). 

For hi E GLdi, we have crj{mh^^) = detdi(/ij)~Vj(m). By Proposi- 
tion [2lT], a J represents a (nonzero) section of the line bundle -^^det^^ 
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G{di,n) = Mn^JGLd^. It follows that L^^^-i = But we have 

the commutative diagram of bundles 

X G{d„n) 
which means that Ly- is isomorphic to the puUback of L^^-i = Oi{l), 
via the projection X — )• G{di, n). □ 

In [T7], we have also carried out an explicit construction of the period 
integrals for CY complete intersections in the partial flag variety X = 
F{di, .., dr, n). In a later section, we will generalize the construction to 
an arbitrary homogeneous space, and for CY as well as general type 
complete intersections. 

Example 5.4. Orthogonal (Types B and D) and isotropic (Type C) 
flag varieties OF{di, dr, n), IF{di, ..dr, n). 

Let M, G, H, X as in the preceding example, and assume that dr < 
n/2. Put 

Ml = {{mr,..,mi) e M\m\Jimr = Q} 

Gi = SOn 

Xi = Mi/H = OF{di,..,dr,n). 

Here SOn is the orthogonal group: the group of isometry of the sym- 
metric bilinear form {u, v) ^ u ■ Jiv on C", where Ji is the matrix 
(in column form) Ji = [e„,..,ei]. Here ei,..,e„ is the standard basis 
of C". It is easy to show that Mi is an affine complete intersection of 
codimension c = ^dr{dr + 1) in M. In other words, the components 
of the quadratic equations m\.Jmr = above define transversal affine 
hypersurfaces in M. 

Next, we put 

M2 = {{rrir, ..,mi) e M\ml.J2mr = 0} 

G2 = Sp2i (n = 2/) 

X2 = M2/H = IF{di,..,dr,n). 

Here Sp2i is the symplectic group: the group of isometry of the skew 
symmetric bilinear form {u, v) ^ u - J2V on C^', where J2 is the matrix 
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(in column form) Ji = [e2z, .., e;, — ez_i, .., — ei]. Again, M2 is an affine 
complete intersection of codimension c = ^dr{dr — 1) in M. 

We can apply Theorems 12.91 and 14.11 to the principal i7-subbundles 
Ml C M above to compute Kxi and Poincare residues for CY hy- 
persurfaces in Xi. One way is to first construct a holomorphic top 
form CO Ml G H^{Kmi) by taking Poincare residue of ojm over the affine 
complete intersection m* Jim,, = 0. The same can be said about X2. 
However, we will not carry that out here. Instead, later we will apply 
Theorems 12.91 and 14.11 to compute Kx and Poincare residues in an en- 
tirely different way. In fact, we will do so for all homogeneous spaces 
X of any complex Lie group G. 

Example 5.5. Toric manifolds revisited. 

Let X be a toric manifold, associated with a fan S in Z*^. We briefly 
recall a construction of X as a quotient [1][6], and a description of its 
line bundles. Let z/i, .., z/^ G Z" be the integral generators of the 1-cones 
in S. For simplicity, we shall assume that no hyperplane in Z" contains 
allt points Vi, and that every maximal cone in E is n- dimensional. Any 
complete fan, for example, satisfies this assumption. Put 

G = (C^)* 

G = {g = {gi,..,gt) eG\gi---gt = l} 

t 

H = {g = {g^,..,g,)eG\l[g]'''''^^ = lWf,e{Z-r} 
T = (C^)" 

£ = {/ = (/i,..,/,)eZ*|^/,z/, = 0}. 

j 

We have exact sequences 
H ^G^T 

h^K g-^{\{gf-'''\..,\{gt-^'^) 

(Z")* ^ {I})* c 

j j j 

Here el, .., e* form the basis of (Z")* dual to the standard basis of Z", 
and Di, ..,Dt the basis of (Z*)* dual to the standard basis D^, ..,D^ of 
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Z*. Under the assumption above, the restriction of G -» T to G is also 
onto. 

Let G X H act on C* by 

G X iJ X C* — )• C*, {g, h, m) gmh^^ := {girriih^^, .., gtrrith^^). 

Obviously, H acts freely and properly on (C^)*. In particular, there 
is a unique maximal open subset M of C* containing (C^)* such that 
the action on M is free and proper. It can be described as follows. 

If (7 = Eie/^+'^i ^ ^' *6 ^ = Eie/^+A* C M*. Let t be the 
collection of all such a. This is a fan in M* whose corresponding toric 
variety is M. There is an induced action of G on M/H = M/{1,H). 
Since G is abelian, if n G as a subgroup of G obviously act trivially 
on M/H, hence the G-action on M/H descends to a T = G/{H n G)- 
action. 

Theorem 5.6. |8][l8] 

Pzc{X) = H^{X,Z) = (Z*)7(Z")* = C*. 

Theorem 5.7. [1][6] There is a T = G/{H fl G)-equivariant isomor- 
phism 

M/H ^ X. 

Let be the standard coordinates of C*. Then M is of the 

form — Z where Z is a certain subvariety of ^j{zj = 0} C C*. In 
fact, Z can be described explicitly in terms of the fan E [6]. Moreover, 
the cohomology class [Dj] G i/^(X, Z) is the first Chern class of the 
line bundle corresponding to the divisor H ■ {zj = 0} in M. 

By shifting the focus from X to M, viewed as a G x if-space and a 
G-equivariant principal if-bundle over X, we can apply results of §^|2}|4] 
to M as a special case. This will allow us to reinterpret Pic(X) in terms 
of i7-characters, and to carry out the Poincare residue construction for 
M. The latter will recover a well-known construction of periods of 
CY hypersurfaces in X, and the differential equations governing them, 
when X is compact. But the construction makes sense even without 
the compactness assumption. 
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Proposition 5.8. (Cf. Propositions \2. 11 IKR 15. 3\) The map 

is isomorphism. 

Proof. With the identification Cc/C = Hj=l + C = (e^^^'s .., e^^'^'), 
we have 

£*^Hom(i7,C^) = Hom(£c/^,C^), \^{x\-l^ e^'^^^'^). 

Composing this with Pic(X)^'£*, Ylj'^A^j] ^ i^a '■ I ^ Yljh'^j)^ 
Theorem 15.61 we get 

Pic(X)^Hom(if,CX), Y,a,[D.j\y^xx.- 

i 

To complete the proof, it suffices to show that 
(5.1) [LxJ = -Y.^ADj]. 

i 

It is enough to show this for a set of generators, say [L^.] = [Dj] where 
X,(/)=e-^-^'^ (j = l,..,t). 

Since the function Zj : M ^ C satisfies Zj{ml~^) = e~^'^*'^mj = 
Xj(J)zj{m), it defines a section of L^. by Proposition 12.11 Hence its 
zero locus is the divisor representing L^. . But the zero locus is exactly 
the H orbit of zj = in M. This divisor represents the class [Dj]. □ 

Next, we apply results of §^|2}|4] to construct Poincare residues for 
CY hypersurfaces in X. This example has been previously considered 
[7][3]. Put 

Um = dzi A ■ ■ ■ A dzt., XM{h) = hi - ■ ■ ht (he H.) 

Then ujm is G-invariant and F/jWm = XM{h)oJni. Since H is abelian, 
Kx = by Theorem [2Jl Since xm = (Xi ■ ■ ■ Xt)~^ and [L^.] = [Dj], 
it follows that [Kx] = — as expected. 

Fix a Z-basis {q = t — n) oi the lattice C The vector field 

generated on M by /' G £c, the Lie algebra oi H = Cc/^^, is 
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Proposition 5.9. = Lxi ■ ■ ■ t-xq^Ai in Theorem \4.1 
slant multiple of the holomorphic n-form on M 

t 



IS a nonzero con- 



dz-j 



Zi--- 



7 = 1 ^ 



Proof. The apparent poles of Q' are clearly removable. Put Wg+fc = 
J2]=i (^fc' ~ 1' ••' '^O We'll show that for some constant c, we 

have on the dense subset G = (C^)* C M, 

Q 

= CUq+i A--- AUJf 

Zi---Zt 

Since the uj span Z"', Ug+i,. .,Ut are pointwise independent. Since 
G £, it follows that 

L^^ujq+k = ^j) = {I < i < q, I < k < n.) 

j 

Since G-invariant vector fields generated by the if-action, 

and since the Uq+k are G-invariant forms on G, we can find G-invariant 
vector fields Xg+i, ..,Xt and 1-forms coi, ..^Uq such that, for some c, 

L^^ujk = Sik {I <i,k <t) 
dzi A ■ ■ ■ A dzt 

= ccji A ■ ■ ■ Aut- 

Zi---Zt 

Applying i^i ■ ■ ■ to the last equation completes the proof. □ 



By Theorem 14.11 

Next, let US restrict to the torus G C M, and examine it more 
closely. Let yi,..,yn be the standard coordinate functions on T = 
(C^)". We can pull them back to G via the map G ^ T, g 
{Ylj d'f^ '^^^ .., rij fi']'^" ''^^)' express the puUback (still denoted by yk) in 
terms of the functions Zj on G, and get 

j 
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It follows that — = ujq+k and by the preceding proposition, 

c— A---A ^ 



zi---zt yi Vn 
Descending to X, we can view this as a form defined on the open dense 
T-orbit To C X. Consider those sections a of —Kx which can be 
represented as a polynomial in the zi, ..,Zt. (Note that if X is assumed 
compact, then every section can be represented as a polynomial in the 
Zi.) A monomial = z^^ ■ ■ -2;"' is a section iff ^aj[-Dj] = — [-^x] = 
"^jlDj]. This holds iff there is a unique fi G (Z")* such that a-,- — 1 = 
(yU, Uj) for all j. In this case. 

Thus a, restricted to Tq, is zi - ■■ zt times a Laurent polynomial fa in 
the i/k- For X a Fano toric variety, it is known [2j that certain periods 
of the CY hypersurface a = can be expressed as integral of the 
meromorphic form 

1 dyi , dyn 

fa{y) vi yn 

over cycles in Tq. We see that this form agrees with the meromorphic 
form flcr\To in Theorem 14.11 in this special case. 



Next, we show that in a Fano manifold X'^, essentially all holomor- 
phic top forms of CY (and general type) complete intersections can be 
obtained by means of Poincare residues. First we have the following 
easy extension of the Poincare residue map [10] for hypersurfaces to 
complete intersections. 

Lemma 5.10. ( Codimension s Poincare residue sequence) Let Yi, .., 
be smooth hypersurfaces in X such that F = Yi fl ■ ■ ■ fl is smooth of 
codimension s in X = X'^. Then we have the following exact sequence 
of sheaves: 

5^(]i(u,y,F,) fii(u,r,) ^ n'^y' 

i 

where the first map is the inclusion map and the second map is given 
by 

dzi A • ■ ■ A dzd I— ?► gdzg+i A • • ■ A dzd\Y, 

Zi - ■ ■ Zs 

where the Zi are local coordinates on X centered atp eY , where a local 
equation ofYi is Zi = 0. 
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Proposition 5.11. Suppose X is Fano and Yi, .., Yg are hypersurfaces 
in X such that for any J C {1, .., s}, Hj^jYj is also Fano and smooth 
of codimension \J\ in X. Then the Poincare residue map induces an 
isomorphism 

for k < d — s. 



Proof. We proceed by induction on s. For s = 1, tliis follows from the 
codimension 1 Poincare residue sequence and the fact that H^{Qj^) = 
because X is Fano. For simplicity, we write fl = flj^ and Wi = Uj^iYj 
in the following discussion. For s > 1, the Koszul complex gives a 
resolution of 

i 

whose pth term (1 < p < s) is 

Ap := ®\i\=pn{Wi,) n • • • n n{Wi^) = ®\j\=,^pn{UjejYj) 

where the first sum is over all induces I = {ii < ■ ■ ■ < ip) , and the 
second sum over the J = {1, .., s} — I. By induction on s, we have 

for k < d — s + p, where Yj := Hj^jYj. Since each Yj is Fano, it follows 
that the right side is zero, and this yields 

H\Ap) =0, k<d-s+p. 

Since A, — )■ /Iq is a resolution, the usual long exact sequence argument 
shows that 

H\Ao)^0, k<d-s + l. 

But Aq is the first term of the codimension s Poincare residue sequence. 
Now our assertion follows from the preceding lemma. This completes 
our proof. □ 
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6. A GENERAL GLOBAL POINCARE RESIDUE FORMULA 

For the rest of this paper, unless stipulated otherwise, 

X will be a d- dimensional compact complex manifold. 

The results in ^settle the existence and uniqueness questions for CY 
structures on a given principal i7-bundle, up to scalar multiple. They 
do not, however, fix the normalization of the CY structure. In this 
section, we begin with a local construction of a CY structure on Kx, 
due to Calabi [5j (cf. Corollary 13. 4p . that does determine a canonical 
normalization. Remarkably, this normalization turns out to be exactly 
the one that makes the global Poincare residue formula (Theorems 14. ![ 
16. 6p agrees, on the nose, with the map R in Definition ll.il In addition, 
the local construction will allow us to compare global Poincare residue 
formulas derived from different CY bundles. This was necessary to 
prove that CY structures on any principal bundle over X are invariant 
under Aut X (Theorem 13. 12[ ) 

Proposition 6.1. (Calabi) Kx admits a nowhere vanishing holomor- 
phic top form Cj. 

Proof. Let vr : Kx — )■ A be the projection. Let w = {wi,..,Wd) ■ 
f/ — 7- be a coordinate chart on A. This induces a chart (local 
trivialization) 



Clearly, under a coordinate change from w to w', the function and 
the form dwi A ■ ■ ■ A dwd transform respectively by the determinant of 
Jacobian matrices of w' o and its inverse, which cancel out each 
other to leave u unchanged. It follows that u is independent of the 




Cj = dzw A dwi A ■ ■ • A dwd- 



choice of coordinates w, implying that Cj is globally defined. 



□ 
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Calabi showed that if X is compact Kahler, then Kx admits a Ricci 
flat complete Kahler metric. 

Definition 6.2. We shall call u above the canonical form of Kx- 

We shall also denote by vr : — )■ X the projection map. We now 
apply the results in §[|2lll]to this particular principal bundle —K^ — ?• 
X, with G being any complex Lie subgroup of the automorphism group 
Aut X. Note that by the convention h ^ H acts by h-m = mh~^. 

Theorem 6.3. The canonical form Co of Kx is invariant under G = 
Aut X . Moreover, for h E H = C^, we have 

where Xi{h) = h. Therefore, {uj,Xi) G-equivariant CY structure 
on K^. In particular, Lx^Co defines a G-invariant -horizontal d-form 
on K^, where Xq is the vector field generated by —1 E C = Lie{H). 
Finally, in local coordinates w we have 

LxqCj = Zwdwi A ■ • ■ A dwd- 

Proof. Put H = C"" and M = Kx- Let w : f/ ^ be a chart on X, 
and (z^, w) the induced chart on M, as before. Recall that 

Cj\U = dzw A dwi A ■ ■ ■ A dwd- 

Since z^ is a linear coordinate on the fiber on which H acts by scaling, 
and since uj is linear in z^, it is clear that = hu. The last assertion 
follows from that Xn = Zu,jf-- 

It remains to verify that Cj is G-invariant. Let g G Aut X; we will 
compute TgUj. Since g is holomorphic, := w o g^^ : gU — )■ is a 
chart on X. So, it induces a chart on M: 

On the other hand g e Aut X induces a holomorphic map g : M ^ M, 
hence a chart 

: 7i-\gU) ^ C x 
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where 2;^ = °g~^- We will show that this chart is equal to {zy^g,w^), 
i.e. 

(*) 4 = ^ws- 

Note that this completes the proof. For then we have 

{g''^yuj\U = {g'^)*{dzy, A dwi A • ■ ■ A dwd) = dz^ A dwf A • • ■ A dw^^. 

Since the first factor of this form is dz^g by (*), this form is equal to 
u}\gU. It then follows that 

{g-'Ycu = u 

as desired. 

We now return to (*). By definition, for 77' G 7T^^{gU) = K^\gU, 



Since g^jr]' = 5g{rj') = rj' o dg, proving (*) reduces to checking that 



' dwi dwl 

on X, which is obviously true. This completes the proof. □ 

We now return to the set-up in the Introduction, spell out the as- 
sumptions, and fix notations that will be repeatedly used throughout 
the rest of the paper. 

• XI. Let X be a compact complex manifold of dimension d, and 
fix a complex Lie subgroup G C Aut X (possibly trivial). Let 
Li, .., (s < (i) be nontrivial G-equivariant line bundles on X 
such that H^{L+Kx) 7^ 0, that each of the linear systems V* : = 
H^{Li) is base point free, and that there is an if -character x 
(cf. Proposition 12. 4p such that 

L := Li + ■ ■ ■ + = Lyy. 

• X2. Assume that for general sections (Xj G V*, the intersec- 
tion yai,...,a, := n • • ■ n {Ya, = {cTi = 0}) is smooth of 
codimension s. Put 

V ■=ViX ■■■ xVs, B:=V* -D 
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where D consists of a := (ai, .., as) G V* such that = Fo-^,..,o-^ 
is not smooth of codimension s. Let 3^ denote the family of 
complete intersections Y„ parameterized by B. 
• X3. By XI, we have canonical G-equivariant maps X — )■ PV^. 
Denote the map by 

and let X be the cone over the image in = Vi x ■ ■ ■ x V^^- Since 
the Li are G-equivariant, we have a holomorphic representation 
G — )■ Aut V. We extend this to a representation 

G = Gx (C^)"^ Aut V 

by letting the ith copy of in (C^)"* act on Vi by the usual 
scaling. 

The next proposition gives the most important case in which X1-X3 
hold. 

Proposition 6.4. Suppose L = Li = —Kx (s = 1) is very ample. 
Then X1-X3 hold for the family y of CY hypersurfaces in X with 
H = C\ 

Proof. Obviously H^{L + Kx) 7^ 0, and H^{L) is base point free. By 
Theorem - iT^ ^ X is a CY bundle. By Theorem L = 

—Kx = L^-i. So, XI holds. Since L is very ample, X2 also follows. 

□ 

Remark 6.5. Since each Li in XI is nontrivial, and since H^{Li) is 
base point free, it has dimension at least 2. In a typical application in 
this paper, the Li are very ample, in which case the H^{Li) are base 
point free and X2 hold automatically. It should also be noted that if 
H — M ^ X is a principal bundle such that the natural map 

Hom{HX'') PiCciX) 

is onto (cf. Proposition \2.^) . then the assumption that L = L^ in XI 
is redundant. 
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Let r G H°{L + Kx), and a e B. Then by Theorems O and O (in 
the case M = K^, H = C , = l^^lu) 



ai - ■ -as 

defines a meromorphic (i-form on X with pole along the divisor Uf^iYcr^. 

Theorem 6.6. (Global Poincare residue) Assume X1-X3 with H = 

. Then the global Poincare residue map R : H^{L+Kx) H^{B, H*°p) 
is G-equivariant and is given by 

(6.1) R^(r) = Res tVL„. 



Proof. We verify eqn. 16.11 first. By definition, for fixed a G -B, the 
restriction map Ro- is induced on global sections by the sheaf homo- 
morphism (TU] 

o{L + ir;,)S^]i(u,nJ ^ ntr; = o{Kyj 

where : 0{L + Kx) = 0{L) ® 0{Kx) ^ ^ii^iY..) is given by 
n- ^ with ip = ai - ■ ■ as, and PR is the (codimension s) Poincare 
residue map. So, 

R, = Res o : H%L + Kx) ^ ^°(i^yj. 

For eqn. 16. Ij it is enough to show that for any given nonzero section 
%Ij G H^{L), on global sections is given by 

H'^iL + Kx)^H\n%iY)), 

where Y is the divisor ip = in X. This map is well-defined by Theo- 
rems O and O (in the case M = K^, H = , Q = l^^Cj.) 

Since L = and x li^s in the cyclic group Hom(_f/', C^) generated 
by Xi, it follows that L = IKx for some / G Z. Fix a coordinate (f/, w) 
on X and put := dwi A ■ ■ ■ A rfiy^i. Then r G if°(L -|- i^'x) and 
'ip G H^{L) have the local form on f/ 

r = r^(t/7)rfw;®('+i), = V'^(«^)t^w'''- 

Since Kx = M C^^ is trivialized on U by 

M|f/ C^.^Ux C, [r^, 1] h-> (M, z^(r/)) 
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it follows from Proposition 12 . 71 that as functions on M\U, T,ip are given 
by 



r 



Thus by Theorem I6.3[ we get 



U 



On the other hand, for G 0{L\U) and u G 0{Kx\U), we have 



(j) u dw 



Since r|?7 is a finite sum of tensors of the form cj) ® uj, it follows that 



\l/^(r|f/) coincides with —^\U above. This shows that 



proving eqn. 16.11 

Let g G Aut X. Then g induces isomorphisms 

such that (^n ° Res = Res o gyj. So, for r G + -ft'x), we have 

rgR(r) = s-nRes rfip-i^ = Res 5(u(rf2p-i^) 

= Res {TgT)n„ = R(TgT). 

This shows that R is equivariant. □ 



7. Comparing global Poincare residue formulas 



We now give two more applications of the canonical form. We have 
seen that the CY bundle C^—K^ — )■ X gives us a formula for the global 
Poincare residue R (Theorem 16. 61 ) However, the formula is subject to 
the condition that the bundle L in assumption XI has the form L^, 
where x is an C^-character. By Lemma [321 this restricts L to a power 
of Kx (cf. Example I7.1[ ) We now show that R can be realized by 
using any other CY bundle H — M ^ X. This introduces enormous 
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flexibility to the use of the global Poincare residue. For example, when 
X is a homogeneous manifold X = G/P, we will see that the natural 
bundle 

P-G^X 

has a CY structure. This allows us to realize all line bundles on X in 
terms of P-characters, by Proposition 12.51 So, for any homogeneous 
space, the assumptions in XI is superfluous. The same is true for 
any toric manifold. The next example, which lives in both worlds (i.e. 
homogeneous and toric), shows two CY -bundles that realize R in 
two different ways. 

Example 7.1. Projective hyper surf aces. 

Let X = P'^. According to LemmaESl the CY bundle -K^ -> X 
allows us to realize the global Poincare residue by means of Theorem 
16.61 for the line bundle L = 0{k) {k > 0) only when L = IKx = 
0{-~ld — I) for some / G Z. This forces k to be an integer multiple 
of {d + 1). By contrast, the bundle — C(— 1)^ — )• X, which is a 
CY bundle by Theorem 13. 3[ can realize the global Poincare residue for 
all 0{k), because each 0{k) is a power of 0{—l) (cf. Lemma [3l2l ) 
Note that by viewing X as a homogeneous space of SLd+i gives a third 
global Poincare residue formula, for all line bundle L as well. 

We now return to the context of §3 beginning with the assumptions 
X1-X3. We will prove that the global Poincare residue formula derived 
from any given CY bundle, by means of Theorem 14. ![ agrees with R 
of Definition II. 1[ Given a CY bundle if — M — )■ X, an if-character x, 
and a section ifj G H'^{L^), let ipM : M — )• C denote the x-equivariant 
function representing ip (cf. Proposition 12.11 ) 

Theorem 7.2. (Uniqueness of global Poincare residue) Let H — M ^ 
X be a bundle with the CY structure {um,Xm)- Assume X1-X3. Fix 
independent vector fields Xi generated by H on M. There is a constant 
c such that, for r G H^{L^ + Kx), a E B , and := ai ■ ■ ■ E H^{L^), 
we have 

R^(r) = cRes ^ixi ■ ■ ■ Lx„^m- 
Vm 

Moreover, ifUaesYa is dense in X, then R is injective. 
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For the first assertion, the overall strategy is about the same as 
proof of Theorem 16.61 but there are some important differences. One is 
that the local frames for line bundles used in the former proof are too 
restrictive to handle a general CY bundle M. Another difference is that 
in present setting, we will need to invoke the uniqueness theorem for CY 
structures on M. We were able to avoid this earlier essentially because 
the canonical form was particularly simple in local coordinates, which 
in turn made it a lot easier to identify the CY structure in question. 
We now begin with some preparations. 

Just as in Theorem 16.61 since Ro- = Res o it suffices to show 
that we can choose a normalization for um so that 

(7.1) ^^(r) = ^i^,^ ■■■t^ 

as meromorphic forms on M. Note that the left side is a meromorphic 
form on X, but can be regarded equivalently as an if-basic form on 
M. 

We shall prove that eqn. 17. II holds on M\U for all sufficiently small 
open set U G X. Fix a local trivialization of the if-bundle M, i.e. an 
if-equivariant map of the form 

M\U -^U X H, m ([m],a(m)) 

which we will label a. We will also use the letter /3 to denote such 
local trivializations of the bundle M. That the map is if-equivariant 
implies that 

a{mh~^) = a{m)h~^ {h G H.) 
It follows that for any given if -character ^, we have 

(7.2) aa{mh-')) = e(«(m))e(/i)-^ 

By Proposition 12.71 this defines a unique local trivialization of 

L^\U^UxC, [m,l] ^ ([m],^(a(m))) 

which we will also label a. By the same proposition, for each section 
ip G H^{L^), we have 

(7.3) ^m(H = ij"{[m])^{a{m))-^ (m G M\U.) 

The main point here is that a single local trivialization a of the if- 
bundle M determines simultaneously local trivializations for all line 
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bundles in a canonical way. In turn, such a local trivialization 
determines a local frame Cq, for L^\U, and relates via eqn. 17. 3[ the 
^-equivariant function ipM G 0{M)^ representing a section of L^, and 
its local expression on U C X: 



For the proof of eqn. 17. ![ we apply this to the line bundle L = 
named in the theorem, and the canonical bundle Kx = L^^^, with 
Xk '■= XmXI)- Thus a determines their local frames, which we denote 
by Ca and Sa respectively. In particular, the sections r G H^{L + Kx), 
if) G H^{L) have the local expressions 

Likewise we have similar expressions corresponding to any other local 
trivialization (3 of M. 

Next, we unwind both sides of eqn. 17.11 to reduce it further. Recall 
that the sheaf map 

^^■.0{L)®0{Kx)^Q.iciX) 
(where Y is the divisor -i/^ = 0) is given by 

a" 6" 

a®h = a'^Ca ® b^'Sa — ■ Ea- 

Since t" is locally a finite sum of terms of the form a'^b", it follows that 
on U, 

^^(^) = 

On the other hand, by eqns. 17.2117.3^ we have on M\U, 
tm (xoa)-^(xxoa)"^ . ^_l 

So, we have reduce proving eqn. l7.1l to 

(7.4) (xi^ o = := ■ ■ -i^^^M- 

Lemma 7.3. {xk ° C()£a, o d-form on M\U, is independent of the 
choice of local trivialization a of M over U. Thus together the {{xk ° 
a)ea} define a global nowhere vanishing d-form v on M. 



Period Integrals ol CY and General Type Complete Intersections 



41 



Proof. Again, that {xK°C()£a is nowhere vanishing is obvious, since xk 
takes value in and Ea is a frame of Kx (but viewed as an if-basic 
form on M\U.) 

By Proposition 12.71 for any local trivializations a, (3 oi M over U, we 
have 



It follows that 

XKog _ ^ 
Xro 13 (f^ 
where := Note also that on M\U, we have 

It follows that 

{Xk o a)Ea, = {xk o l3)—;ea = {xk o /3)^£f} = {Xk o I3)ef}. 
This completes the proof. □ 



Recall that independent global vector fields generated 

by the if- action on M. Fix a local frame yi, ...,yd of the bundle TU C 
T{U X H) once and for all (independent of a). Since we have an H- 
equivariant isomorphism 

M\U -^U X H, ([m],a(m)) 

and since H acts only on the H factor on U x H, the vector fields a^Xj 
are clearly independent of the yk on U x H. It follows that there exists 
unique 1-forms cj", j = 1, q, on U x H such that 

These equations imply that the cu" are local sections of T*H C T*{U x 
H). Put 

Vk = («*) Vk, =a ujj. 

Then on M\U, we have 
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Put 

:=a;^ A--- A< 

as a g-form on M\U 

Lemma 7.4. The form A f is independent of the choice of local 
trivialization a of M over U. Thus together the A v} define a 
global nonvanishing {q + d)-form u' on M . 

Proof. Since v is if-horizontal, it follows that - ■ ■ Lx^{u'^ A v) = v, 
which is nonvanishing. It follows that A f is nonvanishing. 

Suppose (3 is another local trivialization of M over U. Then there 
exists holomorphic functions A^^g such that 

A f = Xal3U^ A V. 

Applying t^-^ ■ ■ ■ i-xq (which is globally defined on M, i.e. independent 
of a and U) to both sides, we find that A^^g = 1- □ 

Lemma 7.5. The nonvanishing form uo' G H^{Km) in the preceding 
lemma is a CY structure of M. 

Proof. Let h & H. We have on f/, 

Thu'^ = Th{uj'^ A ■ ■ ■ A O = Xf,(/^)"'w" 

since is a trivializing section of the dual bundle of M|f/ X/^ A'^f) (and 
the latter transforms by X(,(/i).) We also have (keeping in mind that h 
acts trivially on T*U of which is a section) 

{Thv){m) = v{mh) = XKioi{mh))ea{[mh]) = XK{h)v{m). 

So, VhV = XK{h)v. Since xk = XmX^i it follows that 

Vh{u'' Av) = XM{h){u'^ Av). 

This completes the proof. □ 

Proof. We are now ready to prove eqn. 17.41 and to complete the proof 
of Theorem 17.21 By Theorem 13.121 and the preceding lemma, it follows 
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that = A f is equal wm, after a suitable scalar normalization. 
Finally, this implies that 

which is the desired eqn. I7.4[ 

We now prove the last assertion of Theorem 17.21 Suppose that 
R(r) = 0. This is equivalent to that C Zr for all a G 5, where Zr 
is the zero locus of r. Since U(j(zbY^ is dense in X, it follows that Z^ 
must be all of X. Hence r = 0. □ 

Remark 7.6. On the last assertion, the assumption that UaeBYa is 
dense in X is superfluous in the codimension s = 1 case. Hence in 
this case, R is always in injective. This is also true for s > 1 if one 
assumes that the line bundles Li, ..,Ls are very ample. 

Definition 7.7. Given a CY bundle H — M ^ X , we shall say that a 
CY structure um on M is normalized if the constant c in the preceding 
theorem is 1. In other words 

Ro-('r) = Res tVLcf- 

for alia E B andr G H^{L+Kx). Note that this notion is independent 
of the choice of L. 

Example 7.8. Projective hypersurfaces, revisited. 

Let X = P"^, and L = 0{n) with n > d + 1. Then L + Kx = 

0{n—d—l) and H^{L+Kx) = H^{^x(Ycr)) for any general hypersurface 
Yo- of degree n in X. As shown in Example 17. we can use the CY 
bundle C^— 1)^ — T-Xto realize L as L^, for some -character x- 
By Proposition I5.11[ dim H^{L + Kx) = h'^^^'^{Y„) which is the rank 
of HI*°^. Since H^{Kx) = 0, by the preceding theorem, the sections in 
the image of R provide a global trivialization of the vector bundle H[*°^ 
in this case. 
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8. Tautological systems for period integrals: general 

CASE 

Let G be a complex Lie group, and p : G — ?■ Aut \^ be a finite 
dimensional holomorphic representation such that C p{G). Let 

End V, X 

be the corresponding Lie algebra homomorphism. Since C[y*] = Sym V, 
we will view End as a Lie subalgebra of Der C[y*]. Thus G 
Der C[l^*] for x G g. Let X C be a given G- invariant subvariety in 
V, and I{X, V) C C[V] be the vanishing ideal of X. Note that since 
X is invariant under C p(G), the ideal is homogeneous. 

Since we have a canonical symplectic form (, ) on T*V = VxV*, each 
linear function ( & V* uniquely defines a derivation 9^ G Der C[y*], 
by the formula 

d(^a = (a, C), 0, G V. 
Let Dv* be the algebra of global differential operators on V*. 

Definition 8.1. Fix a Lie algebra homomorphism /3 : g — ?► C. The 

tautological system 

t{X,V,G,(3) 

is the Dy* -module Dy* /J where J is the left ideal of Dy* generated by 
the following operators: {p{dc)\p{Q G I{X, V)}, {Z^ + f3{x)\x G q}. 

We call generators of the form Z^ + P{x), the symmetry operators 
or G-operators, and those of the form p(<9(), the embedding polynomial 
operators or polynomial operators. We note that the notion of a tauto- 
logical system here is slightly broader than that given in (ITj, in that 
the formulation here is purely algebraic and does not require that one 
starts with a G-manifold, or that G is reductive, or that /3 comes from 
a character of C^. 

Using dual bases, and Q of V,V*, we can write an element of 
C[V] = C[Ci,C2,---] as a polynomial p(C) = p{Ci, C2, ■■■), and p(i9^) as 
a partial differential operator gfj, •••) with constant coefficients. 
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acting on functions of the variables 01,02,.... If (xji) is the matrix 
representing x E Q acting on V in the basis Oj, i.e. x ■ ai = Xjittj, 
then 

7 A 

Let j : V ^ W he a, G-module homomorphism, vr : W* -» V* the 
dual map. This induces an G-equivariant map on structure sheaves 
vr* : Oy — Ti^Ow, f ^ f ° T'' ioT f G Ov*{U), and the induced 
homomorphism on germs is also a g-module homomorphism: 

(8.1) (Zr/)o.r = Zf(/ovr) 

where / G Ov- Here , are the G operators on V*, W* respec- 
tively. Likewise for the Euler operators (with the same character /3.) 

Now TT : W* V* induces the G-equivariant algebra homomor- 
phisms 7c :£[]¥] ^ C[V] and 

TT : C[d^^\Cw e W*] ^ C[d^,\(v e V*] d^w ^ d^^w. 

It is straightforward to check that for / G Cy, vi^c^w) G C[9^m/], we 
have 

(8.2) [(vrp(a^-))/]o7r = p(9^>.)(/ovr). 

Let Sy (likewise Sw*) be the subsheaf of Oy whose stalks con- 
sists of germs annihilated by the defining ideal J of the D-module 
M. = t{X, (pv, G, f3). Then we have a canonical isomorphism (of Cy*- 
modules) from Sy to the solution sheaf T-Lonix)^, (A^, Oy*) of A^. Un- 
der this identification, we can therefore view Sy* as the solution sheaf 
of M. 

Lemma 8.2. (Change of variables) Let j : V W be a G-module 
homomorphism and vr : W* V* its dual. Let Sy* C Oy* and 
Sw* C Ow* be the solution sheaves of the D-modules t{X ,V,G, /3) 
and t{X, W, G, (3) . Then tt* maps Sy* isomorphically onto Sw ■ 



The proof in [T7j carries over with little change. The lemma allows 
us to give different descriptions to essentially the same D-module, by 
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choosing different G-modules as targets. The net effect of changing the 
target from to in the initial data of our tautological system, is 
that we introduce additional linear variables, and at the same time, 
additional first order operators corresponding to the linear forms in 

C W\ 

Theorem 8.3. [17J Assume that the G-variety X has only a finite 
number of G -orbits. Then the tautological system r(X, V, G, (3) is holo- 
nomic. In particular, the space of solutions at a generic point is finite 
dimensional. 

Example 8.4. Homogeneous G-variety. 

Let G be a semisimple group, and /3 : C — > C a linear function. By 
the Borel-Weil theorem, for any ample line bundle L on X = G/P, 
V = H^{X,L)* is an irreducible G module, say, of highest weight A. 
It defines a G-equivariant embedding X FV. Let X be the cone 
over the image of X, and let acts on V by the usual scaling. Put 
G = G X and extend /3tog = 0©C-^Cby setting f3{Q) = 
0. By a theorem of Kostant and Lichtenstein, the ideal I{X, V) is 
generated by quadratic forms. In particular, aside from the symmetry 
operators + (3{x) {x G g), all other generators of our tautological 
system r(X, V, G, (3) are second order. The latter can be more explicitly 
described as follows. Let 

G ^ ^ (■^g-^ — g ~l~ X — aXo^ -\- ^ ^ /ij 
a>0 4=1 

be the second Casimir operator in the enveloping algebra Uq. We have 
the following theorem: 

Theorem 8.5. [16] [19] I{X.,V) is generated by ^mx{m\ + 1) (mx = 
dimV*) quadrics, given by 

G{u ® m) - (2A + 25, 2A) {u ® m) (ueV*) 

where 5 is half the sum of the positive roots of q. 



Note that the quadrics above are viewed as elements of Syrn^V* C 
£-\y]. Later, we will give another description of this D-module, by 
embedding V into a natural but larger G-module W , using the classical 
Veronese and Segre (and the incidence) maps. 
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Example 8.6. Schubert varieties. 

Let G be a semisimple group, P a parabolic and B G P a. Borel 
subgroup of G. A Schubert variety X is the closure of a i?-orbit in 
G/P. Since X has only finite number of i?-orbits, Theorem 18.31 applies 
to the tautological system t{X ,W, B, (3) {B = B x C^) for any B- 
equivariant embedding : X ¥W. Here X is the cone over 0(X) in 
W. This class of D-modules will be investigated in a future paper. 

Example 8.7. Invariant theory. 

Next, we point out that the problem of describing the solution sheaf 
of a tautological system can be thought of as a generalization of a 
problem in classical invariant theory. Let G be a connected semisim- 
ple algebraic group and V, a G-module. Consider the D-modules 
r(V, V,GxC^/3), where /3 : 0©C -> C with /3(g) = and G Z<. 
Since the ideal /(V, V) is trivial, the only generators of our tautological 
system are the Euler operator and the symmetry oper- 

ators corresponding to G. Thus a function / G Ov*{U) is a solution of 
the D-module iff it is G-invariant and is homogeneous of degree — 
If one demands that / be a global polynomial solution on V*, then / 
is nothing but an element of C[y*]'^ of a given degree. 

To construct differential equations for period integrals. Definition 
ILll we now return to the context of [|6]and assumptions X1-X3. Thus 
we fix a CY bundle 



with a normalized CY structure. First, by Theorem 17.21 the period 
integrals of the family y of complete intersections in X are given by 



viewed as locally defined functions in the variable a G B, with r G 
H^{L + Kx) fixed. 

Theorem 8.8. Let H — M X be a CY bundle and assume X1-X3. 
Let 7 G Hd-s{X»i'^), o-nd tq G H^{L + Kx) be a fixed eigenvector of 
q: X ■ Tq = Ao(a;)ro for x E Q for some Aq G 0*. Then the period inte- 
grals n^(ro; cr) of the family y are solutions to the tautological system 
t{X,V,G,I3), where (3 e g* = Q* ® C zs the vector jS = (Aq; 



H-M ^ X 
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Proof. Let p{() G I{X, V). Since X is G-invariant subvariety of 

V=ViX---xVs 

it is invariant under scaling by (C^)*. In particular, we may as well 
assume that p{() is homogeneous with respect to this scaling, say of 
degrees {ki,...,ks). Now if Ci)--)Cm form a basis of V* and ai,..,am 
form the dual basis, then for ( E V*, i fixed, we have d(^J2j^jCj = 
(«i>C)0 = C, hence 

B ^ = IC ^ 

It follows that 



ar^^ ■ ■ ■ cT^+i 



where 

and um is the normalized CY structure on M. Since p{Q = on X, 
it follows that annihilates n^(ro; a). 



We can write 



n^(ro; cr) = ToVla- 

Jrh) 



't(7) 

where r(7) is a tube over the cycle 7. Let g G Aut X. Since the period 
is the Poincare pairing (t(7), tqQ^j) on X — UiY^-, it is invariant under 
9- 

(r(7),rofi<,) = (((7*)-V(7),(7*(rol].)). 

Now let g E G be close to identity. Then (5'*)^V(7) = t{j). By 
Theorem 14.11 Q is G-invariant, so 



M7),^^) = (r(7),^7*(^^M. 
ai - ■ - as (Ji • • ■ (Js 

For X G g, consider the action of the 1-parameter subgroup g = gt 

expitx) of G. We have 

— \t=Qgt[ ) = V 2 

at ai - ■ ■ Gs 0"! ■ ■ ■ (Ts ai ■ ■ ■ af ■ ■ ■ as 



(Ti ■ ■ ■ (Js O"! • • ■ cr^ 
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It follows that 

= (r(7), {Z, + Ao(.T))roQ.) = (Z, + Ao(x))(r(7), roO,) 

Finally, fix i and let y = (0; 0, .., 1, .., 0) G g © C'^ = Q, where the 1 is 
in the ith slot of y. Then Zy is the Euler operator Xljli'^iaf"- Since 
— is homogeneous of degree —1 in the variables a,- because CTj has the 
form ^ajQ, and since /3{y) = 1, it follows that 

{Zy + f3{y))U^iTo;a) = 0. 

We have shown that the function n^(ro;cr) is killed by all generators 
of the tautological system. □ 

The proof shows that we can relax the condition that tq is an eigen- 
vector of G, at the cost of allowing tq to vary in H°{L + Kx)- As 
a result, the tautological system can be modified to account for this 
variation. More precisely, we have 

Theorem 8.9. (Enhanced tautological system) Let H — M ^ X he 
a CY bundle and assume X1-X3. Then the period integrals Tl^ij^a) 
with 7 e Hd-siy*, ^) and r G + Kx), satisfy the equations 

p{d^)U,{T-a) = {peI{X,V)) 

{Z^ + l3{x))Il^{T;a) = 'n^{x ■ T;a) (x E g) 

where /3 = (0; 1, 1, 1) G 0* = 0* © and x • r = /or x G C^ 

RemEirk 8.10. The last two results can be made slightly more general 
in two ways. We can replace the full linear system H^{X,Li) by a 
nonzero linear subrepresentation V* C H^{X,Li) of G in assumption 
XI. We can also allow the linear system to have base locus, in which 

case, we replace the map X — >■ PV^ by a rational map X > PV^. Then 

X is given by the closure of the image of the rational map (p in X3. 

RemEirk 8.11. The enhanced tautological system in the preceding theo- 
rem can be re-interpreted as follows. Fix a basis Ti, .., of H^{L-\-Kx), 
and form the (column) vector valued sections 

n^((7) := (n^(Ti; (j), • • • , Tl^{Tm] o-)) ■ 

Then the linear G action on H'^{L-\-Kx) is realized by a map pl : G ^ 
GL^, with {C^y C kerpx,. The differential equations corresponding to 
the symmetry operators then read 

{Z, + P{x))n^{a) = PL{x)li-y{a) {x G g.) 
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Example 8.12. CY hypersurfaces in a toric manifold, revisited. 

Let X be a Fano toric manifold and T the torus acting on X as in 
Example 15.51 We saw that V* := H^{—Kx) has a basis consisting of 
monomials z"- = z^^ ■ ■ ■ z"' with ^cij{Dj\ = [—Kx]- They correspond 
to Laurent monomials y'^, under the correspondence aj — 1 = {fi, Vj) 
(this is also known as the monomial-divisor map.) Let 2;°°, .., z""^ be the 
monomial basis of V* , and ?/'^°, .., y^^ the corresponding Laurent mono- 
mials. Since —Kx is very ample [TS], we have a projective embedding 
afforded by these sections, which by Proposition 12.11 are represented 
by the functions M — )■ C, m 1— )■ m"' . Thus the embedding reads 

X = M/H ^ W, [m] ^ [m"°, ..,m"'']. 

The ideal of its image I{X, V) is the binomial ideal {('•+ — G £'), 
where £' := {/ G Z^^^l J^hfii = 0} with /ij = Here l± G Z> are 

such that I = l^ — l^. As a special case of Theorem 18.81 with L = —Kx, 
we see that the period integrals 

n^(l; <j) = Res fio- 

of the family y of CY hypersurfaces in this case are solutions to the 
tautological system t{X, V,f,f3) (f = T x C^, /3 = (0; 1) G t*) which 
is the GKZ ^-hypergeometric system with A = {p,o,..,fip} [9][2]. If 
we replace T by Aut X, we would recover the extended GKZ system 
introduced in pE]. 

9. Examples: homogeneous spaces 

In this section, we apply results we have developed so far, to an 
arbitrary compact homogeneous space X of a linear algebraic group G, 
to construct period integrals of CY complete intersections in X and to 
describe their differential equations in details. The special case where 
X is partial flag variety (G = SLn) was considered in [17]. In this 
section, we solve the problem in full generality. 

First, as an immediate consequence of Theorem 18.51 and a special 
case of Theorem 18.81 we have 
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Theorem 9.1. Let G be a semisimple group, X he a compact homo- 
geneous space of G viewed as a G-manifold, and let L = —Kx and 
V = H^{L)* . Then the period integrals 



n^(l;(T) = 




for CY hypersurfaces in X are solutions to the holonomic tautological 
system t{X ,V,G, (3) with (3 = (0;1). The system is generated by the 
symmetry operators + f3{x) (x G q), together with the embedding 
polynomial operators given by the quadrics in Theorem \8.5[ 

We now give a different description of this system. First, we recall 
some basic facts about homogeneous spaces. For simplicity, we assume 
that G is a connected, simply connected, semisimple group. Fix a 
choice of the simple roots A, and let {Ada G A} be the dominant 
integral weights such that (Aq,,/3) = 5q,^ for a, (3 G A. Then up to 
conjugations, parabolic subgroups of G are parameterized by subsets 
of A. Namely, a subset S C A corresponds to the parabolic Ps whose 
Lie algebra is 

Ps = i>+ J2 S-P 

where b is the Borel subalgebra of g and [S] is the set of all positive 
roots (relative to A) in the span of S. A theorem of Bott's implies 
that Pic(G'/P5') = J2a&A-s'^'^a, and that a line bundle L = J2^a^a 
is ample iff it is very ample iff nc > for all a G A — 5. 

Proposition 9.2. Put X = G/Ps- We have K^^ = ^ncAa with 
'2 for all a G A — S . 

Proof Since p := | Xlag$+ « = Y.aeA^» ^"^^ {^i3,oi) = Spa, we have 
(p,/3) = 1 for /3 G A. Since A = = G Xp^ ^^"^is/ps), we have 
A = 2p — X]aG[5]n'i>+ ^- follows that 

(A,/3)=2- Yl ("'/^)- 

Qe[S']n<i>+ 

For a a nonnegative linear combination of S, and /3 G A — S*, (a, /3) is 
a sum of nonnegative integers times off diagonal entries of the Cartan 
matrix for G, which are all negative or zero. It follows that the second 
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sum on the right is always nonpositive. With the minus sign in front, 
it follows that (A,/3) > 2. □ 

Put 

{/3i,..,/34 = A-5 

and fix an ample line bundle L = '^Ui^^Xi^^ = A G Pic(X). We can 
factor the embedding (fL : X ^ ¥V, V ^ H°{Ly, as follows. Fix an 
order of A (for G classical simple, we can choose the order to be the 
natural order given by the flag variety G/B, where B is the standard 
Borel subgroup.) Let Si — A — {Pj}. Note that the P5. are exactly the 
maximal parabolic containing P5. Since Ps — Psi n • • • fl Ps^, we can 
define the incidence map: 

i-.X^ G/Ps G/Ps, X • • • X G/Ps^, gPs ^ {gPs,, ■., gPs^). 

For each i, we have the Pliicker embedding of the generahzed Grass- 
mannian 

TT, : G/Ps, fWi, gPs ^ [gw^] 

where Wj is the fundamental representation of highest weight A^. and 
Wi is a highest weight vector in Wj. We also have the Veronese maps 

: ¥Wi ^ FSym^'^iWi, [v] ^ [v ■ ■ ■ v] 

and the Segre map 

ip : FSym^'^^WiX- ■ ■xFSym''^-Wr ^ FWl, {[ui], K]) ^ [ui®- ■ -^r] 
where 

Wl := Sym^'^^Wi (g) • • • (g) Sym^'P-Wr. 

Put 

1/ — l/l X ■ ■ • X Vr, TT — TTi X ■ ■ • X TTr- 

Then we get a G-equivariant embedding 

(j)];^^'i/joi/o'KOL: X^ ¥Wl 

such that (j)*0^wA^) = L. By the Borel- Weil theorem, H^{L)* is 
an irreducible module with highest weight A. Clearly, A is the highest 
weight in Wl of multiplicity 1, implying that Wl contains a unique copy 
of V . In particular, there is a unique (up to scalar) G-homomorphism 

JL-.V^ H\LY ^ Wl. 
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It follows the image (piiX) in FWl lies in the linear subspace defined by 
V-^ C Wl, consisting of the hnear forms on Wl annihilating V C Wl- 
Moreover, V-^ contains every linear form vanishing on (f)L{X). 

Definition 9.3. (Notations) Given an ample line bundle L = 'Yli^Pi'^l^i = 
A e Pic{X), we put 

Wl := Sym^'^^Wi Sym'^P^Wr 
(f)L :— ijj o u o n o i : X ^ FWl 
JL-.V^ H\LY Wl 
31 -Wl^V* 

as defined in the preceding paragraph. Let X he the cone over the image 
of X ^ FV in V . We shall also view X as a G-subvariety in Wl via 
the inclusion map X gV ^ Wl as well. 

Lemma 9.4. Fix a positive integer n such that ui := ug^ > n for all 
i. Let X he any suhvariety of Y := FWi x ■ ■ ■ x FWr. Suppose the 
vanishing ideal I{X, Y) of X in Y is generated hy elements of degrees 
{ki, .., kr) with each ki < n. Then I{X, FWl) is generated hy I{Y, FWl) 
and the space of linear forms C Wl vanishing on X in FWl. 

Proof. First some notations: let £ be the set of exponents v — {vi, ..,Vr) & 
Z>i X • • • X Z^'' such that \vi\ ^ J2j '^v = ^ basis % (1 < J < 

rui = dimWj) of W*. Let ^j^^. be the basis of Sym "-'W* such that 
'■ ^i,vt ^ (restriction map on sections), and C,^ be the basis of 
Wl such that ^* : Cv ^ ■ ■ -^r,^,- We denote by C[C]fc = C[WL]k 
the subspace of degree k functions on Wl, and 'C[z\k^^,,^kr the degree 
(fci, .., kr) functions on Wi x • • • x Wr- Put (f)* ^ v* o ip* : ^ z" ^ 

Obviously that the radical ideal I{X, FWl) C C[C] contains liY, FWl)+ 
(V'^). We want to prove the reverse inclusion. So let p{C,) G I{X, FWL)m) 
m>l. Since C[X] = C[z\/I{X,Y) ^ C[C]//(X, PW^l), under 0* : 
C[C] ^ C[z], we have FWl) C I{X, Y), so <j)*{p) = p{Cv = z") e 

1{X, Y)nj^rn,..,nrm (each has multi degree (ni, .., n^).) By supposition, 
I{X, Y) is generated by /(X, Y)k-^,..,kr with all ki < n < Ui, so 

^)nim,..,nrm ^ ^ ^[z]nim—ki,..,nrm—kr-^i,-^j ^)ki,..,kr 

ki,..,kr<n 
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ki,..,kr<n 

Now, restricting the Veronese-Segre isomorphism 0* : C[C]//(1^, PW^l) ~^ 
C[2;'' : f G = /m 0* to degree 1 subspace gives an isomorphism (by 
Borel-Weil for the group SL(Wi) x ■ ■ ■ x SL(Wr), the z'" are hnearly 
independent) 

Since we have V-^ = (0*)"^/(X, and 

J2 C[zU^k„..,nr~kJiX, Y)k„..,kr = HX, C C[z]n,,..,n^ 

ki,..,kr<n 

it follows that 

(j)*{p) e I{X,Y)n^m,..,nrm = C[z]„i (m-l),..,n,(m-l) 0* (^"^) 

(9.2) = 0*C[C]™-i0*(V^). 

So 0*(p) G 0*((y-'-)). It follows that p — p' e ker 0* for some p' G 
(1/^) C C[C]. By Nullstellansatz, ker 0* = I{Y,FWl). This proves 
that p G /(r, PWl) + (1/^). □ 

We remark that the preceding proof carries over if we use the slightly 
weaker assumption that ki < Ui for all i, hence making the role of the 
intermediate integer n unnecessary. But for our application below, we 
do have the integer n = 2 at our disposal. 

Theorem 9.5. Let L = Yl^Pi^Pi = £ Pic{X) be an ample line 
bundle such that np- > 2 for all i. Then the ideal I{X, Wl) of 4>l{X) 
inlPWi is generated by C W^, together with the Veronese binomials 

(9.3) CuCv-CwCt, u + v = w + t {u,v,w,tE£) 
where the index set S and the basis (u of are defined above. 

Proof. By the theorem of Kostant and Lichtenstein and the Borel-Weil 
theorem, 

(tt o l){G/Ps) C FWi X ■ ■ ■ X FWr 
is defined by quadratic forms on the Wi, together with multilinear 
forms on Wi x ■ ■ ■ x Wr (cf. [E].) Since n^. > 2, it follows from the 
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preceding lemma that I{X, Wl) is generated by V^, and the vanishing 
ideal J(F, ¥W) oiY = {^o v){WWi x • • ■ x ¥Wr) in WWl- 

By the theorem of Kostant and Lichtenstein again, applied to the 
group SL{Wi) X ■ ■ ■ X SL{Wr) acting on the irreducible module Wl, 
/(y, PH^l) is generated by quadrics. By term-wise elimination, it is 
straightforward to show any quadric vanishing on F is a linear com- 
bination of the quadrics eqn l9.3[ Conversely, these quadrics obviously 
vanish on Y . This completes the proof. □ 

We are now ready to give our second description for the tautological 
system r(X, V, G, which governs the period integrals of the family 
y ^ B = V* — D ol CY hypersurfaces in X. The description is based 
on pulling back the family to (j2)^^(-B) C Wl- Notations in Definition 
19.31 apply. 

Theorem 9.6. Let X = G/Ps- Put L = —Kx = XlaGA-s^a-^"' 
V = H^{L)*, and let WL-,<pL-,iLdh^ '^^ Definition lEM Then 
the period integrals 11^(1; j^cr) of the family of CY hypersurfaces y in 
X, are solutions to the tautological system t{X ,Wl,G, /3) with (5 = 
(0; 1) G 0. This system is generated by 

+ P{x) {x G g) 
dc {(eV^c Wl) 

^Cu^Cv ~ ^Cw^Ct ^^^^ u + V = w + t {u,v,w,t & S.) 
Its solution sheaf is canonically isomorphic to that of t{X ,V,G, P) . 

Proof. The last assertion follows immediately from Lemma [8.2[ Since 
the canonical isomorphism from the solution sheaf of r(X, V, G, (3) to 
the solution sheaf of t{X, Wl, G, /3) is given by / t-)- / o j^, and since 
the period integrals 11^(1; cr) are solutions to the first system, by The- 
orem l8.8[ it follows that 11-^(1; j2cr) are solutions to the second system. 
Finally, Proposition 19.21 implies that for L = —Kx, Theorem 19.51 gives 
the desired generators of I{X, Wl)- □ 
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Remark 9.7. There are at least two ways to explicitly work out the lin- 
ear forms in C /(X, Wi}j. One way is by decomposing the G-module 
Wl into its irreducible component (say by using character theory), and 
then express elements ofV^ C Wl, in terms of the basis Cd- The sec- 
ond way is by using the theorem of Kostant and Lichtenstein to work 
out the quadratic forms on each ¥Vi, and a result of Kempf's [H] to 
work out the multilinear forms on Wi x ■ ■ ■ x Wr, that define the image 
of the map it o l, explicitly. The linear forms they induced on FWl can 
then be written down easily. 

Remark 9.8. The existence of an ideal like I{X, Wl) that is generated 
by just linear forms and binomials, has another fairly simple concep- 
tual explanation. It can be thought of as a consequence of the following 
well-known fact: any projective variety X can be embedded into a suf- 
ficient large projective space in such way X can be cut out by linear 
forms and binomials. Indeed, it follows from the Segre and Veronese 
embeddings, which are both equivariant embeddings. Therefore, the tau- 
tological system t{X, V, G, /3) of any equivariantly projective G-variety 
X can in principle be described by a statement analogous to Theorem 
\9.b\ However, what is special about the case of a homogeneous space 
is that, the linear forms and binomials in questions can be enumerated 
quite explicitly as we have done above, thanks to representation theory. 

We now return to the context of §21 and consider general type com- 
plete intersections in a homogeneous space X. Since we will be fre- 
quently using the tools developed for general CY //-bundles, we will 
denote a parabolic subgroup of G by H, rather than P5, in the following 
discussion. 

Fix a linear algebraic group G of dimension t, and a parabolic sub- 
group if of G of dimension q. Throughout this section, we put 

M = G, X = G/H, K = Gx H 

and view M as a i^-variety by the usual left and right translations. 

Proposition 9.9. Let uji,..,Ut be a basis of left G-invariant 1-forms 
on M = G, and put 

ujm ■= oJi a ■ ■ ■ a cOf. 
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Xm-H ^ Aut (aV), h ^ Ad*{h-'^). 
Then {um, Xm) ^■^ o CY structure on the principal bundle H — M ^ X . 

Proof. Clearly a; a/ is a nowhere vanishing top form on M . Note that 
uiM is a basis of the one-dimensional representation A*0* of G, induced 
by the co-adjoint action. Since H acts on M by right translation, the 
induced if-action on A*0* is given hy h ^ Ad*{h^^), as asserted. □ 

Corollary 9.10. If G is semisimple, then xm = 1 (ind Kx = . 



Proof. This follows from the preceding proposition, Theorem 12.91 and 
the fact that the A*g* is a trivial representation of G. □ 



Corollary 9.11. The meromorphic form fig- in Theorem \4-l\ up to 
scalar multiple, is given by 

Q„ = —UJq+l A - ■■ AUf. 



Proof. Fix a basis xi,..,Xt of g so that xi,..,Xq G f) C g, and let 
Ui,..,ixJi, be the dual basis. Then the asserted formula for fio- follows 
from the fact that Lx^^j = ^ij- If we change the basis Xj, then both 
Um = uJi a ■ ■ ■ a Ut and Xi A ■ ■ ■ A change by scalar multiples. □ 

Lemma 9.12. Let G be semisimple. Every line bundle on X = G/H 
is G-equivariant and has the form G Xh for some H -character x- 
Let Li, ..,Ls be ample and L + Kx is either ample or trivial line bundles 
on X, where L = Yli^i- Then X1-X3 hold. 



Proof. The first assertion follows from Proposition 12.51 Since an ample 
line bundle is very ample on a compact homogeneous space, it follows 
that the linear systems H^{Li) are base point free. By the Borel-Weil- 
Bott theorem, for L + Kx ample or trivial, H^{L + Kx) is an irreducible 
representation of G, hence nonzero. So, we conclude that XI, hence 
X2-X3, all hold. □ 



We now let the parabolic subgroup H act on X = G/H hj left 
translations. So, the role of the group G in X1-X3 is now assumed by 
H here. 
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Theorem 9.13. Let X = G/H and Li, ..,Ls,L be as in the preceding 
lemma, and consider the family y of complete intersections defined by 
them as in X1-X3. Let Tq be a highest weight vector in H^{L+Kx) with 
respect to H . Then the period integrals n^(ro; a) of the family y are so- 
lutions to the tautological system r(X, V, H, /3) with /3 := (Aq; 1, 1, ••, 1), 
where Aq € {)* the eigenvalue corresponding to Tq. Moreover, the sys- 
tem is holonomic. 

Proof. By Proposition I9.9[ the principal bundle H — G ^ X admits a 
CY structure. By the preceding lemma, X1-X3 hold. By Theorem lS.Sj 
our first assertion follows. Let B be the Borel subgroup of G contained 
in H. Then it is well-known that G/B has only a finite number of B 
orbits under the left translation action. Since G/B^G/H^X = G/H 
also has only a finite number of B orbits. Hence the same is true under 
the H action. It follows that the cone X has only a finite number of 
H orbit. Now the last assertion follows from Theorem 18.31 □ 

10. Concluding remarks 

To further understand period integrals using the framework devel- 
oped in this paper, one immediate problem is to compute their power 
series expansions. As we have indicated earlier, this can be done, at 
least in some special cases, by using the global Poincare residue for- 
mula. For example, in the case of CY complete intersections in a toric 
manifold, explicit power series solution can be obtained by manipu- 
lating the global meromorphic form (see for example [H]) inside the 
dense orbit of the torus, and then integrate it against certain real torus 
cycle. One can try to do the same for homogeneous spaces. One way 
to do so is by first picking an affine chart on X that is a copy of C^, 
and then attempt to integrate the global meromorphic form against a 
similar real torus cycle in C^. In the toric case, explicit power series 
solutions near the so-called maximal unipotent point in the parameter 
space, are also known in great generality [12] . They could be used as a 
guide for obtaining similar formula in the case of homogeneous spaces. 



Period Integrals of CY and General Type Complete Intersections 



59 



In the algebraic setting, the entire framework we have developed for 
the global Poincare residue map in this paper carry over to any char- 
acteristic zero varieties. In positive characteristics, most of the results 
carry over as well. However, some new phenomena occur. For exam- 
ple, the the period integrals of a complete intersection family in X1-X3 
are still solutions to a tautological system r(X, V, G, (3). However, the 
proof of Theorem 18.81 clearly shows that the ideal of polynomial opera- 
tors that annihilates the period integrals is much larger than that the 
embedding ideal I{X,V). In fact, if the field of definition has chara- 
teristic p, then any polynomial Q G C[V] of degrees {ki,..,ks) such 
that ki > p for some i, gives a new differential operator Q{d(^) that 
annihilates the period integrals. This may be an indication that the 
enlarged tautological system is much more restrictive on the period in- 
tegrals than in the characteristic zero case. Both problems mentioned 
here will be investigated in a future paper. 
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